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ON THE SHAPE OF BRUHAT INTERVALS
ANDERS BJÖRNER AND TORSTEN EKEDAHL
Abstrat. Let (W,S) be a rystallographi Coxeter group (this inludes all nite and
ane Weyl groups), and J ⊆ S. Let W J denote the set of minimal oset representatives
modulo the paraboli subgroup WJ . For w ∈ W
J
, let f
w,J
i denote the number of elements
of length i below w in Bruhat order on W J (notation simplied to fwi in the ase when
W J = W ). We show that
0 ≤ i < j ≤ ℓ(w)− i =⇒ fw,Ji ≤ f
w,J
j .
Furthermore, the ase of equalities fwi = f
w
ℓ(w)−i for i = 1, . . . , k is haraterized in terms of
vanishing of oeients in the Kazhdan-Lusztig polynomial Pe,w(q).
It is also shown that if W is nite then the number sequene fw0 , f
w
1 , . . . , f
w
ℓ(w) annot
grow too rapidly. Further, in the nite ase, for any given k ≥ 1 and any w ∈ W of
suiently great length (with respet to k):
f
w
ℓ(w)−k ≥ f
w
ℓ(w)−k+1 ≥ · · · ≥ f
w
ℓ(w).
The proofs rely for the most part on properties of the ohomology of Ka-Moody
Shubert varieties.
1 Introdution
Let (W,S) be a Coxeter system with S nite. Fix a subset J ⊆ S and let W J denote the set of
minimal oset representatives modulo the paraboli subgroup WJ = 〈J〉. For w ∈W J , let
fw,Ji := card{u ∈W
J | u ≤ w and ℓ(u) = i}.
In words, fw,Ji is the number of length i elements in the Bruhat interval [e, w]
J = [e, w] ∩W J .
For terminology and basi fats onerning Coxeter groups, Weyl groups, and Bruhat order, we
refer to [BB05, Hu90℄.
For a ertain lass of Coxeter groups we an apply geometri methods to study the fw,Ji .
The groups to whih our methods are appliable are those for whih the order of a produt of
two generators is 2, 3, 4, 6, or ∞; these are usually alled the rystallographi Coxeter groups.
They are preisely the groups that appear as Weyl groups of Ka-Moody algebras (f. [Ka83,
Prop. 3.13℄). The main purpose of this paper is to prove the following relations and some of their
ramiations.
Theorem A Let (W,S) be a rystallographi Coxeter group, J ⊆ S and w ∈ W J . We have
that
0 ≤ i < j ≤ ℓ(w)− i =⇒ fw,Ji ≤ f
w,J
j .
Combining the ohomologial arguments used for proving Theorem A with a linear-algebrai
argument of Stanley [St80℄ we an sharpen Theorem A to a ombinatorial statement giving
strutural reasons for these inequalities.
Theorem B Let (W,S) be a rystallographi Coxeter group, J ⊆ S. Fix w ∈ W J and i suh
that 0 ≤ i < ℓ(w)/2. Then, in [e, w]J there exist fw,Ji pairwise disjoint hains ui < ui+1 < · · · <
uℓ(w)−i suh that ℓ(uj) = j.
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The inequalities of Theorem A are equivalent to the following two sets of inequalities om-
bined:
fw,Ji ≤ f
w,J
ℓ(w)−i, for all i < ℓ(w)/2, (1)
and
fw,J0 ≤ f
w,J
1 ≤ · · · ≤ f
w,J
⌈ℓ(w)/2⌉. (2)
For the rest of this setion we treat only the J = ∅ ase. Then W J = W , so for simpliity we
drop J from the notation. In this ase the relations (1) sharpen the inequalities
∑
i≤k f
w
i ≤∑
i≤k f
w
ℓ(w)−i, for all 0 ≤ k < ℓ(w)/2, due to Brion [Br00, Cor. 2℄.
The ase of equality in some of the relations (1) is interesting. Fix w ∈ W , and let m :=
⌊(ℓ(w) − 1)/2⌋. Let
Pe,w(q) = 1 + β0 + β1q + · · ·+ βmq
m
be the Kazhdan-Lusztig polynomial of the interval [e, w]. It is known [Ku02, Thm. 12.2.9℄ that
all Kazhdan-Lusztig polynomials have non-negative oeients ifW is rystallographi, and that
β0 = 0.
Theorem C Suppose that (W,S) is rystallographi. Let w ∈ W and 0 ≤ k ≤ m. Then the
following onditions are equivalent:
(a) fwi = f
w
ℓ(w)−i, for i = 0, . . . , k,
(b) βi = 0, for i = 0, . . . , k.
Furthermore, if k < m then (a) and (b) imply
() βk+1 = f
w
ℓ(w)−k−1 − f
w
k+1.
In the ase k = m the equivalene of (a) and (b) speializes to a riterion for rational smoothness
of the Shubert variety Xw due to Carrell and Peterson [Ca94℄.
The next result shows, among other things, that for nite groups the inreasing sequene (2)
annot grow too fast. The ondition of being an M -sequene is realled in Setion 6.
Theorem D Let (W,S) be a nite Weyl group and w ∈W . Then the vetors (fw0 , f
w
1 , . . . , f
w
ℓ(w))
and (fw0 , f
w
1 − f
w
0 , f
w
2 − f
w
1 , . . . , f
w
⌊ℓ(w)/2⌋ − f
w
⌊ℓ(w)/2⌋−1) are M -sequenes.
The inreasing inequalities (2) have dereasing ounterparts at the upper end of the Bruhat
interval, but the information we are able to give about this is muh weaker.
Theorem E For all k ≥ 1 there exists a number Nk, suh that for every nite Coxeter group
(W,S) and every w ∈ W suh that ℓ(w) ≥ Nk we have that
fwℓ(w)−k ≥ f
w
ℓ(w)−k+1 ≥ · · · ≥ f
w
ℓ(w).
The paper is organized as follows. Setions 2 and 3 ontain preliminary material on the
algebrai geometry underlying the proofs of Theorem A and C in Setion 4. The proofs of
Theorems B, D and E an be found in Setions 5, 6 and 7, respetively. Setion 8 expands on
some algebrai geometry needed for the proof of Theorem C.
2 The pure ohomology
Let F be an endomorphism of a graded Qℓ-vetor spae V whih is nite dimensional in eah
degree. It will be said to be of weight ≤ w (resp. of pure weight w), with respet to a positive
integer q, if the eigenvalues of F on V i are algebrai numbers all of whose onjugates have the
same absolute value qj/2 for some j ≤ w + i (resp. j = w + i). A theorem of Deligne provides a
large number of suh vetor spaes in the following way.
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Consider a proper variety X0 over a nite eld Fq and étale ohomology H
∗(X,Qℓ), onsid-
ered as a graded vetor spae. (We shall follow the usual onvention of using 0 as a subsript to
denote objets over a nite eld and drop the subsript when we extend salars to an algebrai
losure of that eld). The Frobenius map on X0 indues an endomorphism F of H
∗(X,Qℓ)
and Deligne's theorem [BBD82, 5.1.14℄ says that the ation of F on H∗(X,Qℓ) is of weight
≤ 0. We shall only be interested in the pure part, H∗p (X,Qℓ), of H
∗(X,Qℓ), whih by denition
is obtained from H∗(X,Qℓ) by fatoring out by the F -generalised eigenspaes of weight < 0.
Our rst result will identify H∗p (X,Qℓ) with the image of H
∗(X,Qℓ) in the (middle perversity)
intersetion ohomology IH∗(X,Qℓ) of X .
We start by realling how the map from ordinary ohomology to intersetion ohomology is
indued from a map of omplexes of sheaves. Let X be an algebrai variety (we assume varieties
to be redued but not neessarily irreduible) and j : U → X the inlusion of its non-singular
lous. The natural map j!Qℓ → Rj∗Qℓ fators as j!Qℓ → Qℓ → Rj∗Qℓ. This gives maps
pH0(j!Qℓ) →
pH0(Qℓ) →
pH0(Rj∗Qℓ). Considering the distinguished triangle → j!Qℓ → Qℓ →
i∗Qℓ →, where i : Y → X is the inlusion of the singular lous, and as i∗Qℓ ∈
pD≤−1c (X), we get
that
p
H0(j!Qℓ) →
p
H0(Qℓ) is surjetive. As j!∗Qℓ (by denition) is the image of
p
H0(j!Qℓ) →
pH0(Rj∗Qℓ) we get a surjetive map
pH0(Qℓ) → j!∗Qℓ, and as Qℓ ∈
pD≤0c (X) we have a map
Qℓ →
p
H0(Qℓ). So, by omposition we get a map Qℓ → j!∗Qℓ. This map indues the desired
map H∗(X,Qℓ)→ IH
∗(X,Qℓ) from ohomology to intersetion ohomology.
Note now that, by denition, if X0 is an algebrai variety over a nite eld Fq, a mixed
omplex E0 on X0 (f. [De80, 1.1.2℄) is of weight ≤ w preisely when the graded vetor spae
H∗(Es) is of weight ≤ w (with respet to q) for every geometri point s of X0 with image a losed
point of X0 whose residue eld has ardinality q.
Theorem 2.1 Let X0 be a proper variety over a nite eld. Then the kernel of the map from
ordinary ohomology to intersetion ohomology H∗(X,Qℓ) → IH∗(X,Qℓ) onsists exatly of
the part of H∗(X,Qℓ) of weight < 0. In partiular, H
∗
p (X,Qℓ) is the image of H
∗(X,Qℓ) in
IH∗(X,Qℓ).
Proof: Let j : U0 → X0 be the inlusion of the smooth lous. We t the map Qℓ → j!∗Qℓ into
a distinguished triangle
→ F → Qℓ → j!∗Qℓ →
and we start by showing that F is of weight < 0. We know, [BBD82, Cor 5.4.3℄, that j!∗Qℓ is
pure of weight 0. Let now s be a geometri point of X0 with image a losed point (whose residue
eld then is nite). We have an exat sequene
Hi−1((j!∗Qℓ)s) → H
i(Fs)→ H
i((Qℓ)s) → H
i((j!∗Qℓ)s)
and as Hi−1((j!∗Qℓ)s) is of weight ≤ i − 1 it is enough to show that H
i((Qℓ)s)→ H
i((j!∗Qℓ)s)
is injetive, whih is a non-trivial ondition only for i = 0. In that ase it is indeed injetive as
the omposite Qℓ → j!∗Qℓ → Rj∗Qℓ indues an isomorphism on H0(−). By Deligne's theorem
[BBD82, 5.1.14℄ we get that H∗(X,F) is of weight < 0, and as the sequene
H∗(X,F)→ H∗(X,Qℓ) → H
∗(X, j!∗Qℓ)
is exat, we see that the kernel of H∗(X,Qℓ) → H∗(X, j!∗Qℓ) is of weight < 0.
On the other hand, again by Deligne's theorem and duality, H∗(X, j!∗Qℓ) is pure of weight
0, and hene everything in H∗(X,Qℓ) of weight < 0 lies in the kernel.
Remark: i) Over the omplex numbers this result is proved in [We04℄ (using instead Deligne's
Hodge-theoretially dened weight ltration). For the appliations of this paper that result ould
also be used. In any ase, the ltration by weights of ℓ-adi ohomology is dened for a variety
over any eld, ommutes appropriately under speialization of the base eld, and oinides with
Deligne's Hodge-theoreti weight ltration over the omplex numbers. Thus our results are
ompatible with those of [We04℄.
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ii) Nothing hanges in the argument if one replaes U0 by a smaller open dense subset and
Qℓ by j∗E , where E is a loal system of pure weight 0.
It seems reasonable to introdue the pure Betti numbers, bpi := dimQℓ H
i
p(X,Qℓ), and we
shall indeed do so. Our next result is a weakening of some well-known numeri onsequenes
for the Betti numbers of a smooth and proper variety that arise as a onsequene of the hard
Lefshetz theorem. The stated restrition to varieties dened over nite elds is easily dispensed
with, but we keep it to avoid too many details.
Theorem 2.2 Let X0 be a proper variety over a nite eld, of pure dimension n. We have that
bpi ≤ b
p
i+2j for all 0 ≤ j ≤ n− i. In partiular, for i ≤ n we have that b
p
n−i ≤ b
p
n+i.
Proof: It follows from Theorem 2.1 that the map H∗(X,Qℓ) → IH∗(X,Qℓ) has H∗p (X,Qℓ)
as its image. As it is indued by a map of Qℓ-omplexes of sheaves, this map is an H
∗(X,Qℓ)-
module map. In partiular, for 0 ≤ j ≤ n − i it ommutes with multipliation by c1(L)j (the
rst Chern lass of a line bundle), giving a ommutative diagram
Hip(X,Qℓ) −−−−→ IH
i(X,Qℓ)y∩c1(L)j y∩c1(L)j
Hi+2jp (X,Qℓ) −−−−→ IH
i+2j(X,Qℓ).
By what we have proven the horisontal maps are injetive, and the right vertial map is an
injetion by the hard Lefshetz theorem (f. [BBD82, Thm 5.4.10℄, note that there they have
made a shift by n of the ohomology sheaves, hene the dierene in indexing). This implies
that the left vertial map is injetive, giving
bpi = dimQℓ H
i
p(X,Qℓ) ≤ dimQℓ H
i+2j
p (X,Qℓ) = b
p
i+2j .
Using these theorems for motivation and onsisteny we dene, for any proper variety X
over an algebraially losed eld, the pure ohomology H∗p (X,Qℓ) as the image of H
∗(X,Qℓ)
in IH∗(X,Qℓ), and similarly for rational oeients when the base eld is the eld of omplex
numbers.
3 The number of ells
We dene a stratiation of a proper variety X as a (neessarily nite) olletion {Vα}α∈I of
subvarieties of X , alled strata, suh that X is the disjoint union of them and the losure of eah
stratum is a union of strata. We get a partial order on the index set I of the strata by saying
that α ≤ β when Vα ⊆ Vβ . It then follows that if J ⊆ I is downwards losed (i.e., if α ≤ β and
β ∈ J then α ∈ J) then XJ := ∪α∈JVα is a losed subset, as it is the union of the losed subsets
Vα = ∪β≤αVβ for all α ∈ J .
An algebrai ell deomposition of X is a stratiation for whih eah stratum (whih in this
ase will also be alled a ell) is isomorphi to the n-dimensional ane spae An for some n.
Theorem 3.1 Let X be a proper variety over an algebraially losed eld, having an algebrai
ell deomposition with fi ells of dimension i. Then:
i) H2i+1(X,Qℓ) = 0 for all integers i. In partiular, b2i+1 = b
p
2i+1 = 0.
ii) H2i(X,Qℓ) = H
2i
p (X,Qℓ) for all i, and this spae has a basis in bijetion with the set of
ells of dimension i. In partiular, b2i = b
p
2i = fi for all i.
iii) Assuming that X is of pure dimension n we have that fi ≤ fj for all i ≤ j ≤ n− i.
Proof: For the rst part, by standard speialization arguments we may assume that X is
dened over the algebrai losure of a nite eld Fq, and after possibly extending the nite eld
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we may assume that X as well as the strata are dened over Fq. We now prove the statements
by indution over the number of ells of the stratiation, whose index set we denote by I. Let
α ∈ I be maximal with respet to the partial order on I. This means that the ell of index α
is an open subset U of X with omplement F , whih is a proper algebrai variety with a ell
deomposition with fewer ells than X . By denition, U ∼= An for some n.
We have a long exat sequene of ohomology
· · · → Hic(U,Qℓ)→ H
i(X,Qℓ)→ H
i(F,Qℓ) → . . .
and as X , U , and F are dened over Fq the Frobenius map ats on all the vetor spaes involved
ompatibly with all the maps. (Note that this long exat sequene is for ohomology with
ompat supports, but as X and F are ompat, ohomology with ompat supports is equal to
ordinary ohomology.) Furthermore, we have that Hic(A
n) = 0 for i 6= 2n and H2nc (A
n) = Qℓ
is pure of weight 2n. For i odd this shows that Hi(X,Qℓ) = 0, while for i even with i 6= 2n
we get that Hi(X,Qℓ) = H
i(F,Qℓ). Finally, for i = 2n we get a short exat sequene 0 →
H2nc (U,Qℓ) −→ H
2n(X,Qℓ) −→ H2n(F,Qℓ)→ 0, whih together with the indution hypothesis
and the quoted result on the ohomology of An nishes the proof of part ii).
Part iii) now follows from Theorem 2.2.
4 Proofs of Theorems A and C
As was mentioned in the introdution, the rystallographi groups are preisely the ones that
appear as Weyl groups of Ka-Moody algebras. We are now going to apply the results of previous
setions to suh Weyl groups. General referenes for bakground to this material are the books
by Ka [Ka83℄ and Kumar [Ku02℄, for the algebrai-geometri aspets see [Ku02℄ and [Sl86℄.
We start by realling some properties of the Shubert varieties for a Ka-Moody algebra
(group). (It seems that no attempt has been made to extend the onstrution of Ka-Moody
groups to positive harateristi, à la Chevalley, so we restrit ourselves to harateristi zero
from now on.) Let (W,S) be the Weyl group of the Ka-Moody algebra (whih is a Coxeter
group on the generating set S), pik J ⊆ S and let WJ be the subgroup of W generated by the
elements of J . As is well-known, there is a unique element w of minimal length in any WJ -oset
w. The set of suh elements will be denoted W J . For eah w ∈W J there exists (f. [Ku02, Ch.
7℄, [Sl86, 2.2℄) a omplex projetive variety Xw ontaining loally losed subvarieties Xu for all
u ∈ [e, w]J whose losures are disjoint unions
Xu =
⊎
z≤u
Xz,
where z is assumed to be in W J . The partial order ≤ is the Bruhat order, and Xu is a subvariety
of Xw isomorphi to A
ℓ(u)
[Sl86, Thm. 2.4℄.
Remark: The variety Xw depends, at least a priori, on the hoie of a dominant weight. How-
ever, we are just going to use its existene and not any uniqueness. (It is in any ase true that
any two hoies give varieties that are related by algebrai maps whih are homeomorphisms
[Sl86℄, and hene have the same ohomology.)
Going further, the Ka-Moody group has a Borel subgroup B whih ats on eah Xw suh
that the Xu, u ≤ w, are the orbits. Note that B is not an algebrai group but only a group
sheme (i.e., not of nite type). However, the ation on any Xw fators through a quotient whih
is an algebrai group, and we shall therefore allow ourselves to at as if B itself was an algebrai
group. Using this ation we get the next result.
Lemma 4.1 The restrition of a B-omplex of Xw to some Xu, for u ≤ w, is onstant.
Proof: Reall (f. [Sl86, 1.8℄) that there is a subvariety Uu of B and a point x on Xu suh
that the map g 7→ gx gives an isomorphism Uu → Xu. Now, if C is the B-omplex, then by
6 ANDERS BJÖRNER AND TORSTEN EKEDAHL
assumption we have an isomorphism between p∗2C andm
∗C on B×Xw. Taking the restrition of
this isomorphism to Uu × {x} we obtain an isomorphism between C and the onstant extension
of Cx to Xu.
Remark: By Proposition 8.5 this result an be applied to the intersetion omplex. In the setup
of [BM01℄, rather than assuming a B-ation, an equisingularity ondition along Xu is assumed
(whih should follow from the fat that Xu is a B-orbit). This implies that the restrition to
Xu is loally onstant and then the fat that Xu is isomorphi to an ane spae and hene
ontratible implies that loally onstant omplexes are onstant.
Using the Ka-Moody Shubert varieties we an now undertake the proofs of the main results.
Proof of Theorem A: This follows immediately from Proposition 3.1 applied to Xw.
Remark: In onnetion with the inequalities of Theorem A it might be tempting to speulate
that the f -vetors (fw,J0 , f
w,J
1 , . . . , f
w,J
ℓ(w)) are unimodal, meaning that they inrease up to some
maximum and then derease. However, this is false. See Stanton [Sta90℄ for non-unimodal
examples in groups of type An modulo maximal paraboli subgroups.
For the proof of Theorem C we need to extend the monotoniity theorem of Braden and
MaPherson (see [BM01, Cor. 3.7℄) to the ase of a general Ka-Moody Shubert variety.
Theorem 4.2 Let x ≤ y ≤ z in a rystallographi Coxeter group. Then P ix,z ≥ P
i
y,z, where
P i·,z denotes the oeients of q
i
of the respetive Kazhdan-Lusztig polynomials.
Remark: It is no doubt true that the Whitney stratiation ondition, whih is one of the
standing hypotheses of [BM01℄, is indeed fullled also in this ase. But rather than trying to
verify that, we note that the fat that the Shubert ells are the orbits of a group ation an be
used more diretly to prove the neessary onditions. As the proofs of [BM01℄ are also sometimes
somewhat skethy we have therefore hosen to go through the needed steps rather than leaving
to the reader the task of heking that the proofs of Braden and MaPherson go through. At
the same time this allows us to give the results in our ontext of ℓ-adi ohomology rather than
in the de Rham-ohomology ontext of [BM01℄. We have deferred to Setion 8 the part of the
argument that does not diretly pertain to Ka-Moody Shubert varieties. We will here take
that material for granted.
Proof: Here, as in the more familiar ase of nite and ane Weyl groups, these Kazhdan-
Lusztig oeients an be interpreted as the dimension of the bre of the ohomology of the
intersetion omplex for Xz at a point of Xx. Hene the monotoniity theorem 4.2 follows from
our analogue of [BM01, Thm. 3.6℄, whih we now have the appropriate tools for proving. We
state it as a separate proposition.
Proposition 4.3 For x ≤ y ≤ z ∈ W J we have a surjetive map of Qℓ-vetor spaes
IH∗(Xz)x → IH∗(Xz)y, where the IH∗(Xz) are the ohomology sheaves of the intersetion
omplex of Xz and (−)t denotes a bre at any point of Xt.
Proof: This is [BM01, Thm. 3.6℄ in our ontext. Its proof, as well as proofs of the supporting
Lemma 3.1, Lemma 3.3, Proposition 3.4, and Theorem 3.5 of [BM01℄, an now be arried through:
• Lemma 3.1 follows from Proposition 8.2 and Proposition 8.5.
• Lemma 3.3, Proposition 3.4, and Theorem 3.5 an be proved with the same proofs, us-
ing [De80℄ instead of [Sa89℄ for the weight results (note that in sheaf theory the relative
ohomology H∗(X,U,F) is dened as the ohomology with support H∗Y (X,F), where
Y := X \ U).
• In the proof of (the analogue of) Theorem 3.6 we use Lemma 4.1 to onlude that the
intersetion omplex is onstant on eah Xt and hene the ohomology of it on Xt is equal
to its bre for any point on Xt.
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• To get a ontrating ation on Xz with the same xed points as for the torus T ⊂ B we use
Corollary 8.4 applied to Z onsisting of a single xed point (note that Xz is irreduible).
To verify the needed onditions we use that Xz lies an ind-variety whih set-theoretially
is equal to G/PJ , where G is the Ka-Moody group and PJ is the paraboli subgroup
orresponding to J . The xed points of T on G/PJ are the osets wPJ , where w runs
over W J (where W is identied with the normaliser N of T in G divided by T itself).
What we want to show is that the one spanned by the weights of the otangent spae of
x = xPJ ∈ Xz does not ontain a line. For this it is enough to show the same thing for
the otangent spae of x in G/PJ . By multiplying by x
−1 ∈ N we redue to x = e and
by (vetor spae) duality to the ase of the tangent spae of e ∈ G/PJ . However, that
tangent spae is equal to g/pJ , where g is the orresponding Ka-Moody Lie algebra and
pJ the orresponding paraboli subalgebra. That means that the weights form a subset
of the weights of g/b, where b is the Lie algebra of B. These weights are exatly the
negative roots of the root system of the Lie algebra and they lie in the one generated by
the negatives of the simple roots, a one that indeed does not ontain a line.
We are now ready to prove our third main theorem.
Proof of Theorem C: Assume ondition (b), and let
Fw(q) =
ℓ(w)∑
i=0
aiq
i :=
∑
x≤w
qℓ(x)Px,w(q).
Theorem 4.2 implies that the qi-oeient of Px,w(q) is 0 for all i = 1, . . . , k and all x ≤ w.
Hene, sine also degPx,w(q) ≤ ⌊(ℓ(w)− ℓ(x)− 1)/2⌋, we get
a0 = 1 aℓ(w) = 1
a1 = f
w
1 aℓ(w)−1 = f
w
ℓ(w)−1
.
.
.
.
.
.
ak = f
w
k aℓ(w)−k = f
w
ℓ(w)−k
ak+1 = f
w
k+1 + βk+1 aℓ(w)−k−1 = f
w
ℓ(w)−k−1
Here the last row requires that k < m.
Now use that ai = aℓ(w)−i for all i. This is valid in all Coxeter groups by [KL79, Lemma
2.6 (v)℄ (in this ase it is also implied by Poinaré duality of middle intersetion ohomology of
Xw). From this we onlude ondition (a), as well as ().
Finally, assume that ondition (b) fails, say d ≤ k is minimal suh that βd 6= 0. Applying the
impliation (b) ⇒ () we get that fwℓ(w)−d − f
w
d = βd 6= 0, so also ondition (a) fails.
5 Proof of Theorem B
We proeed with the proof of Theorem B. As mentioned in the introdution we shall use an
argument of Stanley. When adapting it, it is both from a geometri and linear algebra point of
view more natural to onsider homology than ohomology (it will be lear that formally this is
not required). Even though there is a sheaf theoreti denition, for our purposes it is enough to
dene the homologyHi(X,Qℓ), for a projetive varietyX , as the dual vetor spae to H
i(X,Qℓ).
Then the homology beomes a ovariant instead of ontravariant funtor. We denote by f∗ the
map indued by a map f : X → Y . Furthermore, if X is n-dimensional, then there is the trae
map H2n(X,Qℓ) → Qℓ whih is surjetive and hene gives an element, the fundamental lass,
[X ] ∈ H2n(X). If X is a losed subvariety of Y , then we get a fundamental lass [Y ] = i∗[Y ],
the lass of Y , where i : X → Y is the inlusion. Now, if U ⊆ X is an open n-dimensional
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subset, then the omposite H2nc (U) → H
2n(X) → Qℓ is surjetive and depends only on U .
When U = An, the map H∗c (A
n) → Qℓ is an isomorphism. Assuming now that X has a ell
deomposition, ombining this with Proposition 3.1 (or rather its proof) gives that H2i(X) has
the lasses of the losures of the i-dimensional ells as basis.
Remark: This result may seem to ontradit Theorem 2.1 of [St80℄, as together they would imply
that if X is n-dimensional, then the number of i-ells is equal to the number of (n−i)-ells, whih
is not true in general (e.g., for a Shubert variety this is true, by the Carrell-Peterson riterion,
if and only if it is rationally smooth). When X is smooth the Theorem 2.1 is true however, and
that is the only ase onsidered in [St80℄.
Now, as H∗(X) is a Qℓ-algebra, H∗(X) beomes a module over H
∗(X). Furthermore, if
f : X → Y is a map, then H∗(X) beomes a H∗(Y )-module through y · x = f∗y · x and then,
purely formally, we have the projetion formula y·f∗x = f∗(f∗y·x) for y ∈ H∗(Y ) and x ∈ H∗(X).
We are now ready to prove the analogue of [St80, Lemma 2.2℄ (whih as it stands is true only in
the smooth ase).
Lemma 5.1 Let X be a variety with a ell deomposition and L a line bundle on X . Then for
any ell C the expansion c1(L) · [C] =
∑
D dC,D[D], where D runs over the ells of X , has the
property that dC,D = 0 unless D ⊂ C.
Proof: Let i : C → X be the inlusion and onsider [C] ∈ H∗(C). As C has a ell de-
omposition, the ells of whih are the D for whih D ⊆ C, we get that i∗c1(L) · [C] =∑
D dC,D[D] ∈ H∗(C), where D runs over the ells of C. Applying i∗ to this formula gives
c1(L) · [C] =
∑
D⊂C dC,Di∗[D]. However, [D] ∈ H∗(C) is equal to j∗[D], where j : D → C is the
inlusion. Hene i∗[D] = i∗j∗[D] = (ij)∗[D], but the right hand side is by denition the lass of
D in X .
We are now almost ready to adapt the proof of Stanley. However, in [St80℄ the hard Lefshetz
theorem is ombined with Lemma 1.1 for the desired onlusion and in our situation the hard
Lefshetz theorem does not quite give a bijetive map. Lukily the proof of [St80, Lemma 1.1℄
needs only a slight modiation to be appliable to our situation (where we also, ontrary to
[St80℄, do not turn the geometri poset upside down).
Lemma 5.2 Let P be a nite graded poset of rank n. Let Pj denote the set of its elements of
rank j and let Vj be the vetor spae with basis Pj over some given eld. For eah i ≤ j < n− i
assume given a linear transformation ϕj : Vj+1 → Vj suh that the following two onditions are
satised:
(a) The omposite transformation ϕi ◦ ϕi+1 ◦ · · · ◦ ϕn−i−2 ◦ ϕn−i−1 is surjetive.
(b) If x ∈ Pj+1 and ϕj(x) =
∑
y∈Pj
cjx,yy, then c
j
x,y = 0 unless y < x.
Then, in P there exist card(Pi) pairwise disjoint hains xi < xi+1 < · · · < xn−i suh that
rank(xj) = j for all j.
Proof: The proof of [St80, Lemma 1.1℄ goes through in this situation with a slight modiation,
for the reader's onveniene we repeat the argument. Let m := card(Pi) and put ϕ := ϕi ◦ · · · ◦
ϕn−i−1. As ϕ is surjetive so is Λ
mϕ : ΛmVn−i → ΛmVi. By the denition of ϕ we get that
Λmϕ = Λm(ϕi)◦ · · ·◦Λm(ϕn−i−1). Using the bases Pj we get bases for ΛmVj and hene a matrix
for eah Λm(ϕj). An entry of the produt matrix of the omposite Λ
m(ϕi) ◦ · · · ◦ Λm(ϕn−i−1)
has the form∑
detϕi[Qi+1, Qi] detϕi+1[Qi+2, Qi+1] · · · detϕn−i−1[Qn−i, Qn−i−1],
where Qj ⊆ Pj with card(Qj) = m = card(Pi), Qn−i speies the entry of the matrix of the
omposite, ϕj [Qj+1, Qj] is the submatrix of ϕj orresponding to the sets of basis elements Qj
and Qj+1, and the sum runs over all the hoies of Qj, i ≤ j < n− i. By assumption there is a
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Qn−i suh that this sum is non-zero, and hene there is a summand that is non-zero. This gives
us a set of Qj suh that all the detϕj [Qj+1, Qj] are non-zero. In partiular, one term of the
expansion of this matrix must be non-zero, whih gives us a bijetion σj : Qj+1 → Qj suh that
cjx,σj(x) 6= 0 for all x ∈ Qj+1. By assumption (b) this implies that σj(x) < x for all x ∈ Qj+1.
We an now prove Theorem B.
Proof of Theorem B: We apply Lemma 5.2 to the interval [e, w]J , a graded poset of rank
ℓ(w). We identify the vetor spae Vj with H2j(X), where X is the Shubert variety of w and let
ϕj : H2j+2(X) → H2j(X) be multipliation by c1(L). Condition (a) of the lemma follows from
the proof of Proposition 2.2, whih shows that multipliation by c1(L)n−2i gives an injetive map
from H2i(X) to H2n−2i(X) and hene by duality it gives a surjetive map from H2n−2i(X) to
H2i(X). Condition (b) follows from Lemma 5.1.
6 Proof of Theorem D
We begin by realling the denition of an M -sequene. For n, k ≥ 1 there is a unique expansion
n =
(
ak
k
)
+
(
ak−1
k − 1
)
+ · · ·+
(
ai
i
)
,
with ak > ak−1 > · · · > ai ≥ i ≥ 1. This given, let
∂k(n) :=
(
ak − 1
k − 1
)
+
(
ak−1 − 1
k − 2
)
+ · · ·+
(
ai − 1
i− 1
)
,
∂k(0) := 0.
Theorem (Maaulay-Stanley [St78, Thm. 2.2℄)
For an integer sequene (1,m1,m2, . . .) the following onditions are equivalent (and this
denes an M -sequene):
(1) ∂k(mk) ≤ mk−1, for all k ≥ 1,
(2) some family of monomials, losed under divisibility, ontains exatly mk monomials of
degree k,
(3) dim(Ak) = mk for some graded ommutative algebra A = ⊕k≥0Ak (over some eld), suh
that A is generated by A1.
Proof of Theorem D: The f -vetor fw = {f0, f1, . . . , fℓ(w)} satises fk = dimH
2k(Xw).
Hene, to prove that fw is anM -sequene we need to show that H∗(Xw), the ohomology algebra
of the Shubert variety Xw (over C), is generated in degree one (or, equivalently, in dim = 2).
For w = w0 this is lassial  it an be seen either from the desription of H
∗(Xw0) in terms
of speial Shubert lasses, or from the isomorphism of H∗(Xw0) with the oinvariant algebra of
W .
For w 6= w0 we use that the inlusion Xw →֒ Xw0 indues an injetive map on homology
H∗(Xw)→ H∗(Xw0), as is apparent from the ell deomposition. Hene, dually there is algebra
surjetion H∗(Xw0)→ H
∗(Xw). Sine H
∗(Xw0) is generated in degree one, so is H
∗(Xw).
Finally, to prove that (fw0 , f
w
1 −f
w
0 , f
w
2 −f
w
1 , . . . , f
w
⌊ℓ(w)/2⌋−f
w
⌊ℓ(w)/2⌋−1) is anM -sequene we
apply the Maaulay-Stanley theorem to the algebraH∗(X,Qℓ)/c1(L)H∗(X,Qℓ)+H>ℓ(w)(X,Qℓ),
whih by Theorem 2.2 orresponds to the desired vetor.
Remark: i) The M -sequene property for f -vetors of lower intervals [e, w] does not seem to
extend beyond the ase of nite groups. E.g., it fails for the ane Weyl group C˜2, whose Poinaré
series begins ∑
qℓ(w) = 1 + 3q + 5q2 + 8q3 + · · ·
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Let u ∈ C˜2 be above all elements of length 3. Then fu = (1, 3, 5, 8, . . .), whih is not an M -
sequene (sine ∂3(8) = 6 6≤ 5).
An algebrai onsequene of this is that H∗(Xu) is not generated in degree one.
ii) TheM -sequene property fails also for general intervals [x,w] in nite groups. For instane,
for a partiular x ∈ C4: ∑
x≤y≤w0
qℓ(y)−ℓ(x) = 1+ 4q + 11q2 + · · ·
This information an be read o from Goresky's tables [Go81℄ by letting x = zw0, where z is
element number 377 of C4.
We are grateful to E. Nevo for help with nding these examples, and to B. Shapiro for help
with the proof of Theorem D.
7 Proof of Theorem E
Let [u, v] be a Bruhat interval. The elements of [u, v] of length ℓ(u) + 1 are its atoms, We let
fu,vℓ(u)+1 denote the number of atoms in [u, v].
It has been shown by Dyer [Dy91℄ that (up to isomorphism) only nitely many posets of eah
given length r our as intervals in the Bruhat order on nite Coxeter groups. Therefore, the
following funtion is well-dened,
M(r) := max[u,v] { f
u,v
ℓ(u)+1 | ℓ(v)− ℓ(u) = r}.
That is, M(r) denotes the maximum number of atoms of a Bruhat interval of length r ourring
in any nite Coxeter group. The initial values M(2) = 2, M(3) = 4, M(4) = 8 are known, see
[Hul03℄. Let M˜(r) := maxt≤rM(t). (Atually, M˜(r) = M(r), but we don't need this.)
As usual, denote by w0 the element of maximal length in any given nite groupW . It follows
from the lassiation of irreduible nite Coxeter groups that the following number-theoreti
funtion is well-dened,
Q(s) := max(W,S) { ℓ(w0) | card(W ) <∞, card(S) = s},
where the maximum is taken over all nite Coxeter groups of rank s, of whih there are only
nitely many. The lassiation shows that Q(s) = s2 for s ≥ 9 (the maximum ourring in type
B), whereas there are irregularities ourring for s ≤ 8 due to the exeptional groups.
Lemma 7.1 Let (W,S) be a nite rystallographi Coxeter group, and w ∈W . We have that
ℓ(w) > Q(j) ⇒ fwℓ(w)−1 > j.
Proof: Suppose that fwℓ(w)−1 ≤ j. By Theorem A we have that f
w
1 ≤ f
w
ℓ(w)−1. Hene, f
w
1 ≤ j,
whih means that there is a set J ⊆ S of ardinality |J | ≤ j (the set of atoms of [e, w]) suh
that every redued expression for w uses letters only from the set J (by the subword property
of Bruhat order [Hu90, Thm. 5.10℄). In partiular, w ∈ WJ , so ℓ(w) ≤ ℓ(w0(J)) ≤ Q(j), where
w0(J) denotes the element of maximal length in the paraboli subgroup WJ .
Proof of Theorem E: Assume that W is rystallographi. The easy extension of the proof
to the general ase (when W has omponents of type H3 and H4) is left to the reader.
Put
Nk := Q( M˜(k)− 1) + k,
and n := ℓ(w) ≥ Nk. For r suh that 1 ≤ r ≤ k let Ln−r := {x ∈ [e, w] | ℓ(x) = n− r}. Consider
the bipartite graph with verties Ln−r ∪Ln−r+1 and edges Er = {(x, y) ∈ Ln−r ×Ln−r+1 | x <
y}. If (x, y) ∈ Er then
deg(x) ≤ M˜(r) ≤ M˜(k),
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where deg(x) denotes the number of edges adjaent to x in Er. Similarly, by Lemma 7.1,
deg(y) ≥ M˜(k).
Thus,
|Ln−r| · M˜(k) ≥ |Er| ≥ |Ln−r+1| · M˜(k)
and hene
fwℓ(w)−r = |Ln−r| ≥ |Ln−r+1| = f
w
ℓ(w)−r+1.
In losing we would like to raise the question: Does there exist α < 1 suh that
fw⌊α·ℓ(w)⌋ ≥ · · · ≥ f
w
ℓ(w)
for all w ∈ W?
8 Appendix: Contrating Gm-ations
As was mentioned in Setion 4, we have deferred to here some general algebrai-geometri ma-
terial needed for the proof of Theorem 4.2.
If (X,F) and (Y,G) are pairs onsisting of an algebrai variety and a omplex of ℓ-adi sheaves
on it, then a morphism (X,F) → (Y,G) onsists of a map f : X → Y together with a map of
omplexes (or more preisely a map in the derived ategory) G → Rf∗F , or equivalently by
adjuntion, a map f∗G → F . Suh maps form a ategory with omposition of H → Rg∗G and
G → Rf∗F over maps X
f
−→ Y
g
−→ Z being obtained by rst applying Rg∗ to G → Rf∗F and
then taking the omposite H → Rg∗G → Rg∗Rf∗F = R(gf)∗F . A morphism (X,F) → (Y,G)
indues a map on ohomology H∗(Y,G) → H∗(X,F) by applying H∗(X,−) to the map G →
Rf∗F and then using H∗(Y,Rf∗F) = H∗(X,F). We shall say that two maps f, g : (X,F) →
(Y,G) are homotopi if there is a onneted variety I, a map F : (I ×X, p∗2F) → (Y,G), where
p2 : I ×X → X is the projetion, and two points 0, 1 ∈ I suh that the omposites of F and the
maps 0, 1: (X,F)→ (I ×X, p∗2F) equal f resp. g.
Proposition 8.1 If f, g : (X,F) → (Y,G) are two homotopi maps, then they indue the same
map in ohomology (over an algebraially losed eld k).
Proof: Using the notation in the denition of homotopiity, f∗ and g∗ fator as 0∗F ∗ and 1∗F ∗,
respetively. Hene it is enough to show that 0∗ = 1∗ : H∗(I ×X, p∗2F) → H
∗(X,F). However,
H∗(I × X, p∗2F) = H
∗(X,Rp1∗p
∗
2F) and by the projetion formula Rp1∗p
∗
2F = RΓ(I,Zℓ)
⊗
F .
In the latter desription 0∗ and 1∗ are indued by tensoring F by the maps RΓ(I,Zℓ) →
RΓ(Speck,Zℓ) = Zℓ, the equality being true as the spetrum of an algebraially losed eld
is a point from the ohomologial perspetive, indued by the inlusions 0, 1: Speck → I.
However, these maps are ompletely determined by the maps indued on zero-th ohomology
H0(I,Zℓ) → Zℓ. As I is onneted, the struture map I → Speck indues an isomorphism
Zℓ = H
0(Speck,Zℓ) → H0(I,Zℓ). As the two omposites Speck
0,1
−→ I → Speck both are the
identity, this implies that 0, 1: Speck → I indue the same map H0(I,Zℓ) → H0(Speck,Zℓ).
We now want to apply this result to the ase of an equivariant omplex of sheaves for a
ontrating ation. Thus we are dealing with an algebrai ation of a 1-dimensional torus Gm :=
Speck[t, t−1] on an algebrai variety X , i.e., a map m : Gm ×X → X fullling the required
onditions for an ation. It is said to be ontrating if it an be extended to a map A1×X → X .
Our next step says, roughly, that the ohomology of a Gm-equivariant omplex of sheaves on
X (assuming that the ation is ontrating) is equal to the ohomology of the restrition of the
omplex to the xed point set. There are (at least) two possible denitions of what we should
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mean by an equivariant omplex of sheaves (the dierene being whether we demand an ation on
an atual omplex or only on an objet of the derived ategory). It turns out that the omplexes
to whih we want to apply our results have an ation of Gm in the strongest possible sense,
but on the other hand to prove our results we need a very weak notion of ation whih is very
easy to verify. We therefore say that a omplex C of ℓ-adi sheaves is a Gm-omplex if there
exists an isomorphism φ : p∗2C → m
∗C in the derived ategory, where p2 : Gm ×X → X is the
projetion on the seond omponent and m is the given ation as above. Note that one has to
be very areful when using this notion; we make for instane no laim that Gm-sheaves form a
triangulated ategory.
Proposition 8.2 Let X be a variety with a ontrating Gm-ation and C a Gm-omplex of
ℓ-adi sheaves on X . If Z is the xed point variety of the ation, then the restrition map
H∗(X,C)→ H∗(Z,C) is an isomorphism.
Proof: Let i : Z → X and j : U → X be the inlusions, where U := X \ Z. We then have a
distinguished triangle → j!j∗C → C → i∗C → whih pulls bak by m and p2 to distinguished
triangles, and the assumed isomorphism φ : p∗2C → m
∗C indues a morphism of distinguished
triangles. By the 5-lemma we are thus redued to the ases where either C is supported on Z or
zero on it. The rst ase is lear, so we may assume that C is zero on Z. We now have two maps
(X,C) → (X,C), one being the identity map and the other the identity map on X and zero on
the omplexes. If we an show that they are homotopi, then we onlude that H∗(X,C) is zero
and hene the map to the restrition is an isomorphism.
Now, we onsider the map, also denoted m, m : A1 ×X → X , whih extends the Gm-ation.
We want to dene a map (A1×X, p∗2C) → (X,C) over m, i.e., a map of omplexes m
∗C → p∗2C.
However, m∗C and p∗2C are by assumption isomorphi over Gm ×X , and as m
∗C is zero in its
omplement in A1 ×X (as m({0} ×X) ⊆ Z) this isomorphism extends to a map m∗C → p∗2C.
Composing with 1: Speck×X → A1 ×X given by the point 1 of A1 learly gives the identity
map, and omposing with 0: Speck×X → A1 ×X given by the point 0 of A1 gives the zero
map, as the image of {0} ×X , as was just observed, is ontained in Z and C is zero on Z.
In order to be able to apply these results we shall need to on the one hand give a method for
deiding when a Gm-ation is ontrating, and on the other show that the intersetion omplex
of a variety with a Gm-ation is a Gm-omplex in our sense. We start with the rst problem.
Suppose that X = SpecR is an ane variety with a Gm-ation. The ation immediately
translates to a grading R =
⊕
i∈ZRi so that λ ∈ k
∗ = Gm(k) ats as λ · r = λir for r ∈ Ri. The
ondition that the ation be ontrating is then equivalent to Ri = 0 for i < 0. This implies that
if x ∈ X(k) is a k-point, then the linear ation of Gm on the otangent spae mx/m2x has the
property that only non-negative weights our. (Reall that a linear representation of Gm is a
diret sum of 1-dimensional representations of the form λ 7→ λn, and that n is the weight of that
subrepresentation.) It turns out that there is a onverse to this result (where we for simpliity,
and beause it is the only ase we shall use, only onsider the irreduible ase).
Proposition 8.3 Let X be an irreduible variety with a Gm-ation, and let Z be a losed
subvariety of xed points suh that for eah losed point of Z the ation of Gm on its otangent
spae has only non-negative weights. Then the ation of Gm is ontrating on the union of the
open Gm-invariant ane subsets that meet Z.
Proof: An extension of the Gm-ation to an A
1
-ation is unique if it exists, as Gm is dense in
A1. Hene it is enough to show that the ation extends to any open Gm-invariant ane subset
that meets Z. We may therefore assume that X = SpecR and the Gm-ation then orresponds
to a grading R =
⊕
iRi. We may further assume that Z ontains the losed point z. What we
want to show is that Ri = 0 for i < 0.
Now, as Z is irreduible we have that R embeds in the loal ring Rmz , and by a theorem of
Krull we have that ∩nmnz = 0 in Rmz . Hene it will be enough to show that Ri ⊆ m
n
z for i < 0
and every n. We do this by indution on n, where the ase n = 1 is true as z is a xed point so
that Gm ats trivially on R/mz. The ase n = 2 is then true as the map Ri → mz/m2z is a map
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from a Gm-representation onsisting only of negative weight representations to a representation
that by assumption ontains only non-negative weight representations. Multipliation in R now
gives a surjetive Gm-equivariant map S
n(mz/m
2
z) → m
n
z /m
n+1
z , whih implies that m
n
z /m
n+1
z
onsists only of non-negative weight representations. By the indution assumption we have an
indued map Ri → mnz /m
n+1
z , whih therefore also is the zero map.
Remark: The ase of the ation of Gm on P
2
given by (x : y : z) 7→ (x : λy : λ2z) is instrutive.
The point (1 : 0 : 0) is then a xed point whose otangent spae has weights 1 and 2. The only
invariant ane open subset that ontains (1 : 0 : 0) is {x 6= 0}, and on it the ation visibly
extends to a A1-ation; (1 : y : z) 7→ (1 : λy : λ2z) makes sense also for λ = 0.
This proposition has the following orollary whih is the only onsequene that we shall
atually use.
Corollary 8.4 Assume that T is an algebrai torus (i.e., isomorphi to Gnm for some n > 0)
and let Γ be its group of haraters (i.e., the group of algebrai homomorphisms T → Gm). Let
X be a variety with an ation of T suh that there exists an ample line bundle on X with a
ompatible T -ation. Suppose z ∈ X is a T -xed point suh that the one generated by the
haraters that appear in the otangent spae of z does not ontain a line (or equivalently no
non-zero element and its inverse). Then there is an algebrai group homomorphism Gm → T
suh that XT = XGm , and suh that there exists an ane T -invariant neighbourhood of z for
whih the ation is ontrating.
Proof: Let Γ∗ be the group of oharaters of T (i.e., algebrai group homomorphisms Gm →
T ) whih is identied with the dual of Γ by pairing φ : Gm → T and ϕ : T → Gm using the
integer n for whih the omposite ϕ◦φ is of the form λ 7→ λn. We want to apply the proposition,
so what we are looking for is an element φ ∈ Γ∗ suh that its xed point set is equal to that of T
and suh that its weights on the otangent spae of z are all non-negative. For the rst ondition
it is well-known that there is a nite set of hyperplanes in Γ∗ suh that if φ is not ontained
in any of them, then it has the same xed point set as T . For the seond ondition it is lear
that we are looking for a φ with non-negative values on eah harater of T that appears in the
otangent spae of z. By the assumption on the one generated by them (and the fat that Γ∗
is the dual of Γ) there is suh a φ outside of any nite number of hyperplanes, so that we may
simultaneously fulll both onditions. Now, by the assumption that X admits a T -linearised
ample line bundle we may nd a T -invariant ane neighbourhood of z, and then the proposition
is appliable.
We are now left with establishing that the intersetion omplex is a Gm-omplex. However,
we shall need the orresponding results for other ations so we put ourselves in a somewhat more
general situation. Thus, if G is an algebrai group ating on a variety X , we say that a omplex
C of ℓ-adi sheaves is a G-omplex if the two omplexes p∗2C and m
∗C are isomorphi in the
derived ategory, where p2,m : G×X → X is the projetion and G-ation map respetively.
Proposition 8.5 Let X be a variety on whih the algebrai group G ats. Then the intersetion
omplex of X is a G-omplex.
Proof: We start by notiing that m is the omposite of p2 and the automorphism
t : G×X → G×X
(g, x) 7→ (g, gx)
so that it will be enough to show that t∗C is isomorphi to C, where C is the pullbak by p2 of
the intersetion omplex on X . However, as G is smooth, pullbak by p2 takes perverse sheaves
to perverse sheaves and pulls bak j∗Qℓ to j
′
∗Qℓ, resp. j!Qℓ to j
′
!Qℓ. Here j is the inlusion of
the smooth lous U of X into X and j′ is the inlusion of G × U , whih is the smooth lous of
G×X . This implies that C is isomorphi to the middle extension j′!∗Qℓ. Now, it is haraterised
in a fashion whih makes it isomorphi to its pullbak by any automorphism of G×X .
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